We obtain the pion and the kaon parton distribution functions from the eigenstates of a light front effective Hamiltonian in the constituent quark-antiquark representation suitable for low-momentum scale applications. By taking this scale as the only free parameter, the quark distribution functions of the pion, after QCD evolution, are consistent with the experimental data from the FNAL-E615 experiment. The ratio of the up quark distribution of the kaon to that of the pion also agrees with the CERN-NA3 experiment. Supplemented by known parton distribution functions for the nucleons, we further obtain the cross section consistent with experimental data for the π − Nucleus → µ + µ − X Drell-Yan process.
INTRODUCTION
The parton distribution function (PDF), the probability that a parton (quark or gluon) carries a certain fraction of the total light front momentum of a hadron, encodes the nonperturbative structure of hadrons, attracting numerous dedicated experimental and theoretical efforts [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . Since experimental results span a large range of momentum transfers, one must address the dependence of these results on the resolving power (scale) of the experimental probe, which is equivalent to addressing the physics of scale evolution based on quantum chromodynamics (QCD) [20] . We start with an effective Hamiltonian for a constituent quark and an antiquark (masses of several hundred MeV), suitable for low-resolution probes, solve for the light-front wavefunctions of the pion and the kaon to produce the initial PDFs. We then apply QCD evolution from the initial PDFs to account for the emission and absorption of sea quarks and gluons in order to incorporate degrees of freedom relevant to higher resolution probes. This then allows us to compare our QCDevolved PDFs with various sets of experimental data over a wide range of scales.
Two salient issues can be addressed with this approach. The first issue is the valence PDF of the pion, which has been investigated in theory by Refs. [12, 19, [21] [22] [23] [24] [25] [26] [27] [28] [29] . This PDF is measured with the pion-nucleus induced DrellYan (DY) process in which a quark annihilates with an antiquark and produces a dilepton pair [1] [2] [3] [4] [5] . Specifically, there is a disagreement on the behavior of the pion valence PDF when either the quark or the antiquark approaches the limit of taking all of the pion's light front momentum (i.e. the annihilating parton's light front momentum fraction x approaches unity) [8, 10, [30] [31] [32] [33] [34] [35] [36] . The second issue concerns the description of the experimental data on the kaon valence PDF, which exists in the form of the ratio of the up (u) quark distribution in the kaon to that in the pion [6, 7] . The valence PDF of the kaon has been theoretically investigated in Refs. [9, 11, [37] [38] [39] [40] [41] [42] [43] [44] .
Similar to the scale dependence of the angular momentum observables [45, 46] , addressing these two issues requires a unified approach, such as we describe here, that successfully encapsulates properties of both the pion and the kaon at the model scale, while the available data across various other scales are then described with reasonable precision after QCD evolution.
At the scale suitable for low-resolution probes, we adopt an effective light-front Hamiltonian [47] and solve for its mass eigenstates using basis light front quantization (BLFQ) [48] [49] [50] . With quarks being the only explicit degrees of freedom for the strong interaction, our Hamiltonian incorporates the holographic QCD confinement potential [24] supplemented by the longitudinal confinement [51] . Our Hamiltonian also includes the colorsinglet Nambu-Jona-Lasinio (NJL) interactions [35, 52] to account for the dynamical chiral symmetry breaking of QCD. By solving this Hamiltonian in the constituent quark-antiquark Fock space (the valence space), and fitting the quark masses and coupling constants, one obtains from the pion and the kaon light front wavefunctions (LFWFs) the good quality descriptions of their charge radii, distribution amplitudes, and electromagnetic form factors [47] .
Here, we evaluate the pion and the kaon PDFs from their LFWFs obtained in Ref. [47] , apply QCD evolution to higher momentum scales, and compare results with experiment where available. The initial low-momentum scale of the effective theory, the reference point where the meson structure is effectively described by the valence (constituent) quark and antiquark pair, is taken as the sole adjustable parameter determined by requiring the evolved PDFs to fit a selection of data. Although our own approach is not perfect, it will be shown to provide a good description for a wide range of available data.
PION AND KAON VALENCE PDFS FROM BLFQ
At the initial scale where the mesons are described by a quark and antiquark pair, we adopt the light front effective Hamiltonian H eff defined by
where m q (mq) is the mass of the quark (anti-quark), and κ is the strength of the confinement. Meanwhile, k ⊥ is the relative transverse momentum, while r ⊥ is its conjugate related to the holographic variable [53] . Additionally, H eff NJL accounts for the chiral dynamics, which takes the form of the 4-fermion contact interaction in the color singlet NJL model [52] .
The mass eigenstates |Ψ are solutions of
, where M is the eigenmass. They are expressed as superpositions of a quark-antiquark pair in BLFQ modes of relative motion. The amplitudes of these superpositions constitute the valence LFWF for each state. We refer to our model as the BLFQ-NJL model. Parameters in our model are adjusted to reproduce the masses of the π + , ρ + , K + and K * + , as well as the experimental charge radii of the π + and the K + [47] . The valence wavefunction in the momentum space is expanded in an orthonormal basis set designed to preserve the symmetries of the effective Hamiltonian:
with
Here L |m| n is the associated Laguerre function. The integer n (m) is the radial (orbital angular momentum projection) quantum number of the 2-dimensional (2D) harmonic oscillator (HO) function employed in Eq. (2). The quantity P (α,β) l (z) is the Jacobi polynomial with l corresponding to the quantum number of longitudinal excitations, α = 2m q (m q + m q )/κ 2 and β = 2m q (m q + m q )/κ 2 . The subscripts "r" and "s" are the spin labels for the valence quarks. Each term in Eq. (2) is an eigenfunction for H eff without H eff NJL . Next, we truncate the infinite basis by restricting 0 ≤ n ≤ N max = 8, −2 ≤ m ≤ 2, and 0 ≤ l ≤ L max and diagonalize Eq. (1) numerically in the representation of Eq. (2) to obtain the LFWFs [47] . Here L max is the basis resolution in the longitudinal direction, whereas N max controls the transverse momentum covered by the 2D-HO basis functions. With the LFWFs for the π + and the K + obtained this way, the PDF for the valence quark is given by [51] f
while the PDF for the valence antiquark is given by f (1 − x). In our basis representation of Eq. (2), the transverse integrals can be evaluated analytically using the orthonormal property of the 2D HO functions. We notice that finite L max leads to a basis artifact: oscillations in the obtained PDFs. The amplitudes of such oscillations diminish with increasing L max . Therefore we fit the PDFs at different L max ∈ {8, 12, 16, 20, 24, 28, 32} using a smooth param-
is the Euler Beta function that ensures the normalization. We then fit the L max dependence of these fitting parameters (a, b) by quadratic functions on L −1 max and extrapolate to L max → +∞. The resulting parameters are a = b = 0.5961 for the pion, while a = 0.6337 and b = 0.8546 for the kaon. We now have our PDFs for the pion and the kaon at the scale relevant to constituent quark masses which are several hundred MeV. At this scale, the quark and the antiquark carry the entire light front momentum of the mesons, as is appropriate to a low-resolution model of these mesons.
THE QCD EVOLUTION OF PDFS
Next, we adopt the the leading order (LO) DokshitzerGribov-Lipatov-Altarelli-Parisi (DGLAP) equations [54] [55] [56] of QCD, to evolve our PDFs from their low resolution scale, defined as µ 2 0 , to higher scales µ 2 needed for the comparison with experiment. Scale evolution allows quarks to emit and absorb gluons, with the emitted gluons capable to further create quark-antiquark pairs as well as additional gluons [20] . In this picture, the higher scale reveals the sea quark and gluon components of the constituent quarks through QCD interactions.
Explicitly we evolve our input PDF to µ 2 = 16 GeV 2 (relevant to the FNAL-E615 experiment [7] ) using a numerical implementation of the LO DGLAP equations [54] [55] [56] with the LO strong running coupling [20] . We determine µ 2 0 = 0.105 ± 0.010 GeV 2 by requiring the results after QCD evolution to fit both the pion PDF data from the FNAL-E615 experiment [7] and the ratio u 2 ) to the experimental scale of 16 GeV 2 . The brown dot-dashed line and the pink long dashed line represent our sea quark and gluon distributions respectively at the experimental scale. The red band corresponds to light front holographic QCD predictions [24] . Results are compared with the original analysis of the FNAL-E615 experiment data [7] and with its reanalysis (E615 Mod-data) [8] .
the initial scale and note that our initial scale is similar to those used in Refs. [21] [22] [23] .
In Fig. 1 , we show our result for the valence quark PDF of the pion, where we compare the valence quark distribution after QCD evolution with the data from the FNAL-E615 experiment for the pion-nucleus induced DY process [7] . The error bands in our evolved valence quark distributions are due to the spread in the initial scale µ 2 0 = 0.105 ± 0.010 GeV 2 . Our pion valence PDF falls off as (1 − x) 1.5 , favoring the slower falloff in the large x region of the original analysis of the FNAL-E615 data [7] . Our results differ from others in the same large x region: Refs. [8, 39] favor the (1 − x) 2 perturbative QCD falloff, while Ref. [24] supports a softer falloff of (1 − x) 1.33 .
Looking further into the approach of Ref. [24] , which is based on the light front holographic QCD (LFHQCD) of Ref. [53] , sea quark contributions to the pion PDFs were calculated using a nonvanishing |Fock sector at their model scale µ 2 0 = (1.21 ± 0.44) GeV 2 . At this scale, their valence quarks carry 54% of the pion's momentum, close to our model prediction of 56%. However we note that there are significant differences between our model and theirs in how the remaining fraction of the pion momentum is distributed. Specifically, at this scale our approach has 38% of the total pion momentum in the gluon, while the corresponding contribution in Ref. [24] is zero.
We present the ratio of the u quark distribution in the kaon to that in the pion in Fig. 2 . We observe The ratio of the u quark PDF in the kaon to that in the pion. The gray error-band corresponds to the sum of relative errors due to the QCD evolution from the initial scale µ 2 0 = 0.105 ± 0.010 GeV 2 in both the pion and the kaon PDFs as the relative error for this ratio. The data are taken from the CERN-NA3 experiment [6] . Results are compared with the NLO GRS model [57] and the BSE approach [37] .
that at µ 2 = 20 GeV 2 our result for u
, which is used to help determine the initial scale, is in good agreement, considering the current uncertainties, with the data from CERN-NA3 experiment [6] as well as with the next-to-leading order quark model (GRS, NLO) [57] and the Bethe-Salpeter equation (BSE) approach [37] . One notices that the ratio decreases as x increases. This [19] , lattice QCD results in Refs. [12, [25] [26] [27] [28] , and with phenomenological models in Refs. [3, 5, 11] at different scales.
phenomena can be understood from the valence quark PDFs of the kaon and the pion evolved to µ 2 = 20 GeV 2 . Specifically the anti-strange (s) quark is more likely than the u quark to carry a large momentum fraction in the kaon, while the pion structure is symmetric in the antidown (d) and u quarks. We find additionally that at the experimental scale the u quark PDF in the kaon falls off at large x as (1−x) 1.7 , in contrast to (1−x) 1.5 in the pion. On the other hand, at large x, the s quark PDF in the kaon falls off as (1 − x) 1.4 . Such differences among these PDFs are attributable to differences in the constituent quark mass [47] propagated through the QCD evolution.
To further compare the BLFQ-NJL model with experiment and with other models, we evaluate the four lowest nontrivial moments of the valence quark PDF for the pion. In Fig. 3 , we show these results at different µ 2 and compare with the global fit to data [19] , the lattice QCD [12, [25] [26] [27] [28] and phenomenological models [3, 5, 11] . Figure 3 shows that our predictions are in good agreement with Refs. [3, 5, 11, 12, 19, 26] .
The kinematics of the pion-nucleus induced DY process are described by the invariant mass of the produced lepton pair m, center of mass energy square s of the colliding systems, the Feynman variable x F = x 1 − x 2 (difference of the light front momenta of the annihilating quark and antiquark), and τ ≡ m 2 /s = x 1 x 2 [58] . In the LO of QCD, the cross section for this process is given by [59, 60] 
where α is the coupling constant of quantum electrodynamics. The summation in Eq. (4) runs over different quark flavors, with e a being their charges in units of the elementary charge. Here, we use the next-to-nextto-leading order "MSTW 2008" nucleon PDFs [61] in conjunction with our pion PDFs. The nucleon and the pion PDFs are evolved to the experimental scale µ 2 = 16 GeV 2 . After integrating out the x F dependence of the cross section to yield m 3 dσ/dm we obtain our results plotted as functions of √ τ in the upper panel of Fig. 4 and compared with the CERN-NA4 and FNAL-E615 experiments. In the lower panel of Fig. 4 , we illustrate the cross section dσ/dm as a function of m and compare with the FNAL-326 [62] and the FNAL-444 experiments [63] with 225 GeV pions. In addition, we compare our results with the data of CERN-WA-039 experiment with 39.5 GeV pions [64] . All BLFQ-NJL results in Fig. 4 are in reasonable agreement with experiment. Here, we have selected sample experimental cases over a wide kinematic range for validating the BLFQ-NJL model. We note that our approach yields comparable agreement with results from other experimental setups [6, 7, 65, 66] as will be detailed elsewhere [67] . [6, 7, [62] [63] [64] [65] .
CONCLUSION
We present a model for the pion and the kaon that unifies their properties from the low resolution constituent quark picture to high resolution experiments. Specifically, we begin with an effective light front Hamiltonian incorporating confinement and chiral dynamics for a valence quark-antiquark pair suitable for low-resolution properties. Using basis light front quantization [47] , the parameters in this Hamiltonian were adjusted to reproduce the experimental mass spectrum and charge radii of the light mesons [47] . The light front wavefunctions obtained as the eigenvectors of this Hamiltonian were then used to generate the initial PDFs. The corresponding PDFs at higher experimental scales have been computed based on QCD evolution.
The initial low-resolution scale, taken as the same for both the pion and the kaon PDFs, is the only adjustable parameter involved in QCD scale evolution and we obtain it by simultaneously fitting the FNAL-E615 [7] and the CERN-NA3 experiments [6] . We then found leading moments of the pion PDF over a range of scales agree with results from the global fit in Ref. [19] , the results from lattice QCD [12, 26] , and the results from phenomenological quark models [3, 5, 11] . We have also calculated the cross sections of the pion-nucleus induced Drell-Yan process and have obtained good agreement with available data [6, 7, [62] [63] [64] [65] [66] . These favorable results confirm the robust character of the BLFQ-NJL model which includes QCD evolution, motivating the application of analogous effective Hamiltonians to the baryons with subsequent scale evolution.
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